Introduction
Let K/Q be a finite galois extension with group G. Dirichlet's unit theorem states that, up to torsion made up by the roots of unity W (K) ⊂ K × , the units E = O(K) × are a free Z -module of Z -rank r 1 + r 2 − 1. As usual, r 1 and r 2 are the numbers of real, resp. pairs of complex conjugate embeddings K ֒→ C. Let p be a rational prime. We consider the set P = {p ⊂ O(K) : (p) ⊂ p} of distinct prime ideals above p and let
be the product of all completions of K at primes above p. Let ι : K ֒→ K p be the diagonal embedding. We write ι ℘ (x) for the projection of ι(x) in the completion at ℘ ∈ P . If y ∈ K p , then ι ℘ (y) is simply the component of y in K ℘ .
If U ⊂ K × p are the units, thus the product of local units at the same completions, then E embeds diagonally via ι : E ֒→ U . Furthermore one can use ι for inducing a galois structure on K p (see §2.1).
Let E = ι(E) ⊂ U be the closure of ι(E); this is a Z p -module with Z p − rank(E) ≤ Z − rank(E) = r 1 + r 2 − 1. The difference
is called the Leopoldt defect. The defect is positive if relations between the units arise in the local closure, which are not present in the global case. Equivalently, if the p -adic regulator of K vanishes.
It was conjected by Leopoldt that D = 0 for all number fields. The conjecture of Leopoldt was proved in 1967 for abelian extensions by Brumer [3] , using a local version of Baker's linear forms in logarithms. It is still open for arbitrary non abelian extensions.
It is easy to show that if K ′ /Q is a field such that Leopoldt's conjecture holds for some galois extension K/Q which contains K ′ , then it holds for K ′ . See for instance [4] , the final remark on p. 108. We may thus concentrate on galois extensions of Q and we shall assume in the rest of this paper that K/Q is galois and contains the p−th roots of unity; in particular K is complex. Then r = r 2 − 1 is the Dirichlet number and the p -adic rank of E is r p = r − D(K). Furthermore, we assume that K is such that all the primes above p are completely ramified in the Z p -cyclotomic extension K ∞ /K and the Leopoldt defect is constant for all intermediate fields of this extension.
1.1. Connection to Iwasawa theory. We shall take here an approach using class field and Iwasawa theory. Let K ∞ /K be the cyclotomic Z pextension of K and K n the intermediate fields of level n. The ground field is K, a complex galois extension which contains the p−th roots of unity and we let K 0 ⊂ K be the maximal subfield of K with K 0 ∩ Q[ζ p 2 ] = Q[ζ p ]; we may thus have K 0 = K. If K contains the p k+1 −th but not the p k+2 −th roots of unity for some k > 0, we write K = K 1 = K 2 = . . . = K k . As usual, we let τ be a topological generator of Γ = Gal(K ∞ /K) and T = τ − 1, Λ = Z p [[T ] ]. If k > 0, then we may write γ for a topological generator of Gal(K ∞ /K 0 ) with γ p k = τ . We assume that k is minimal, such that the Leopoldt defect D(K n ) is constant for all n ≥ k.
For all n ≥ 0 we let A n the p -Sylow subgroups of the class groups C(K n ) and A the projective limit, a Λ -module. The norms N m,n = N Km/Kn for m > n ≥ k are surjective as maps A m → A n .
We consider M/K, the product of all Z p -extensions of K, with ∆ = Gal(M/K), so K ∞ ⊂ M and there is a canonic subfield M 0 ⊂ M with M ∩ K ∞ = K n for a finite, minimal n.
We let further H ∞ , Ω be the maximal p -abelian extensions of K ∞ , which are unramified, respectively p -ramified. Furthermore, for some field K we write E(K), E ′ (K) for the units respectively the p -units of K. We shall consider the following additional subfields of Ω:
If G is some infinite group, we write G • for its torsion and for Ω ⊇ X ⊃ K ∞ , some infinite extension, we shall write
for the fixed field of the torsion of this field. Thus Gal(X/K ∞ ) is a free Z p -module, possibly of infinite rank. We also write X n /K n for the maximal extension which is included in X and intersects K ∞ in K n . The maximal subextension of X n of exponent p n+1 , which is thus a Kummer abelian extension of K n will be denoted by X ′ n ⊆ X n . Note that Ω = Ω), since Gal(Ω/K ∞ is Z p -torsion-free. We let Ω T * ⊂ Ω be the maximal subfield with galois group G = Gal(Ω T * /K ∞ ) annihilated by T * , where the star denotes Iwasawa's involution (see below for the definition); the galois group will be G = Gal(Ω T * /H ∞ ), see also Definition 2, point 6. for more details.
Assuming that Leopoldt's conjecture is false for K, we shall show that Ω T * ∩ H ∞ = Φ is a non trivial extension with group of Z p -rank D(K). Let s denote like usual the number of primes above p in K. Then some direct investigations of ranks show the following equalities:
At infinity thus, the ranks of Ω T * /K ∞ and Ω T * /H ∞ differ by D(K). However, at finite levels, class field theory requires that the groups of the respective intermediate extensions have the same p -ranks. In general this is achieved by the fact that some ramified extensions, cyclic over K n , extend unramified Kummer extensions. Under the premises of Leopoldt's conjecture however, we show that any such cyclic extension must be ramified. Thus class field theory implies that D(K), proving: Theorem 1. Leopoldt's conjecture holds for all number fields K/Q.
Conventions, auxiliary fields and groups
In the context of Leopoldt's conjecture we are interested in ranks and not in torsion of modules over rings. It is thus a useful simplification to tensor these modules with fields, so we introduce the following Definition 1. Let G be a finite group and A, B a Z, respectively a Z pmodule, which are torsion free. Let a ∈ A, b ∈ B. We denotê
We note that Z − rank(A) = Q − rank(Â) and Z p − rank(B) = Q p − rank(B). We shall simply write rank (X) for the rank of a module when the ring of definition is clear (being one of Z, Z p or Q, Q p .)
From class field theory, one has ( [5] , Chapter 5, Theorem 5.1):
and the global Artin symbol is a covariant
Alternatively, we may consider ϕ as a surjective Q p [G] -homomorphism ϕ : U (1) (K) →∆ with kernelẼ. It is known that there is a Minkowski unit δ ∈ E ( [7] , lemma 5.27), i.e. a unit such that 
List of notations.
Here is a list of notations which shall be used in this papers. p = A rational prime, X • = The Z p -torsion of the abelian group X , ζ p n = Primitive p n −th roots of units with ζ p p n = ζ p n−1 for all n ≥ 0.,
= A complex galois extension of Q containing the p−th roots of unity G = Gal(K/Q), P = {σ℘ : σ ∈ G, and ℘ a prime of K above p},
The classes b n contain products of ramified primes},
The maximal subfield of H with group fixed by τ , 
Therefore it acts by restriction on K ∞ /K as a Z psubgroup of Γ, which implies the claim.
We give in the following definition an overview of the various fields we shall encounter; this repeats in part with more details also some of the definitions given in the introduction.
Definition 2.
1. Let H/K ∞ be the maximal unramified abelian p -extension of K ∞ and Ω/K ∞ the maximal p -abelian p -ramified extension. 2. If K/K ∞ is some abelian extension, then we shall write
so K ⊆ K is a canonical maximal subfield with galois group which is a free Z p -module. 3. For arbitrary abelian extensions K/K ∞ , we let K n ⊂ K be the maximal subfield which is abelian over K n and intersects K ∞ in K n . 4. The set E ′ n ⊂ K n are the p -units in K n and the fields Ω E , Ω E ′ are defined by
5. We assume that the primes above p are completely ramified in K ∞ /K and Π = {π σ : σ} ⊂ K as defined above. With this we let
is a compact topological group which is normal in the abelian group G. There is a fixed field
⊂ Ω, which is the maximal subfield of Ω with galois group annihilated by f (T ). 7. Let F (T ) be the characteristic polynomial of Gal(H/K ∞ ); for f (T )|F (T )
we define
the maximal subfield with group annihilated by f (T ). section
However, L ⊂ Ω and thus L n is abelian over K n and has exponent p n+1 over Ω n,E , an extension that itself has exponent p n+1 over K n . It follows that
We shall thus write without restriction of generality
with reference to the above remark.
We shall use the following fundamental fact from Kummer theory
2. For each b n ∈ B n there is an ideal B ⊂ O(K n ) and an ideal p which is divisible only by primes above p, such that (b) = p · B p n . In particular, b n may be a unit.
and Kummer pairing yields
which confirms point 3, the Kummer pairing being non -degenerate.
Finally we define the following subgroups and factors of A: B ⊂ A is the maximal module consisting of sequences b = (b n ) n∈N such that b n contains some product of ramified primes above p. The factor
is represented by sequences d = (d n ) n∈N with d T and such that d n contain no products of ramified primes.
Local theory
We review here the galois structure of the subgroup of idèles that are trivial at all primes, except the ones above p and the ramified Z p -extensions of a finite extension of Q p .
3.1. Galois structure of some idèle-groups.
is a minimal polynomial of α and ι : Q ֒→ Q p is the natural embedding. Then
is a galois algebra with group G = Gal(K/Q) and the embedding ι extends to an embedding K ֒→ K p which commutes with the galois action. The image ι(K) ⊂ K p is dense in the product topology.
Proof. Let e, f, g denote as usual, the ramification index, the degree of the residual fields and the splitting index of the primes above p. The polynomial ι(f (X)) is separable over Q p and splits in g polynomials of degree ef .
is the product of g isomorphic local, unramified extensions of degree ef . Each completion K ℘ ∼ = K is a ramified extension of degree e of the unramified extension K 0 /Q p of degree f .
It follows from the Chinese Remainder Theorem that ι : Q ֒→ Q p extends to an embedding ι :
and that the image of K is dense in K p . By continuity, the galois action of G extends to K p and commutes with the embedding.
Indeed for any
. This action is well defined and commutes with the embedding, since for t ∈ K we have
The group under consideration is thus the multiplicative subgroup of idèles which are trivial at all places above rational primes different from p. By the Chinese Remainder Theorem we identify u ∈ U with (ι ℘ (u)) ℘∈P .
Special units. For arbitrary fields
Lemma 2. The system (U ′ n ) n∈N is norm coherent and the norm is surjective at all levels, that is
Proof. This follows from class field theory: the local extensions K n,℘ /K 0,℘ have a galois group which is isomorphic to
. It thus lays in Q p and since N(U ′ n ) = {1} by definition, it follows that the restriction of the norm to U ′ n is indeed surjective.
3.3. Algebra in the group ring, units and their presentation. We shall use multiplicative notation so all actions are from the right.
and conversely, A is the annihilator of (1 − α):
this is a rephrasing of Maschke's theorem which makes explicite use of idempotents:
is an ideal such that X is an R -module, for x ∈ X we shall write x ⊤ = {a ∈ R : x a = 1} for its annihilator module. We shall work when possible with Q p [G] -modules, which are endowed with a vector space structure. Note that elements a ∈ Q p [G] act both from the left and from the right, thus generating left and right ideals; these ideals always have at least one generating idempotent. Idempotents a ∈ R ⊂ Q p [G], can be regarded as linear maps of the Q p -vector space R and as such we have
We now show that there are local Minkowski units and describe their relation with global ones. Serre proves in [6] , §1.4, Proposition 3, in the case when K/Q p is a local field, that the group U (1) (K) contains a cyclic Z p [G] module of finite index, which is thus isomorphic to Z p [G] . Using this result one easily constructs units of finite index in U . Let ℘ ∈ P be fixed and υ ∈ K ℘ be a local Minkowski unit, according to Serre. Then we define ξ = ξ(υ) ∈ U andρ ∈ U by:
Let D ℘ be the decomposition group of ℘ and C = D ℘ \G be coset representatives. Then C acts on ξ and for σ ∈ C, the unit ξ σ verifies:
We denote units u ∈ U such that U :
The previous construction shows that such units exist and they generate a module which is isomorphic to Z p [G]. We define:
, the last being a two sided module in Q p [G] . For any K we have E(K) ⊂ U ′ and therefore U (1) (Z p ) is mapped injectively in ∆ by the Artin map. By choosing δ ∈ E a global Minkowski unit, one can find a local one ξ ∈ U ′ such that
This is explained by the following computation: start with a local Minkowski unit ξ 0 and let α 0 generate the annihilator ideal {y
and α = uα 0 u −1 . Then α is an idempotent and
so U ′ is a submodule which is isomorphic toẼ iff Leopoldt's conjecture is true for K + .
3.4.
Local Z p -extensions. Let K/Q p be a finite galois extension with group G and
Proof. For arbitrary ℘ ∈ P, the completion L ℘ is trivial at infinity, so the remark above implies that locally
As a consequence we have
T . Then H T /K ∞ is a non trivial extension iff D is not finite. In that case, it is an abelian Z p -extension of K and since all classes containing products of primes are by construction mapped by Artin in the group fixing H D , it follows that H D splits all ramified primes. The Lemma 3 implies then that H D = K ∞ and thus D must be trivial.
Two lemmas and their application to rank estimates
The following two lemmata investigate the rank and exponent of some particular subgroups of E n , U n and E, respectively. They are crucial for determining Z p -ranks of most of the interesting extensions in (1), (2), (3) .
The ground field K will be allowed here to contain roots of unity of arbitrary large order. We assume that q = p k+1 is such that K contains the q−th but not the pq−th roots of unity and K 0 , τ, γ are like in the introduction. The maximal ideal of Λ is M = (q, T ). Let the cyclotomic character act on Λ by κ(τ ) = (q + 1)τ so that the Iwasawa involution becomes:
The first lemma shows that U ′ n and E n contain large quotients annihilated by T * .
be the maximal subgroup annihilated by T * ; we define
, where C n is the cyclic group with n elements. Furthermore, the system
] acting on X m has the following development in the group ring:
where the
Note that (ω m , T * ) = p n+1 ; since x ωm = 1 for x ∈ X m , it follows that x can be annihilated by T * at most up to p n+1 −th powers, which suggests considering V m . In view of (13) we have
Since X m is a free R -module and (T * , ω n ) = p n+1 , from w ∈ X m , w T * = 1 we conclude w = 1; applied to w = x · y unN * n , this implies that
We show that p − rank (V m ) = x 2 . For this we shall construct a subset
is an F p space of maximal rank x 2 . Let δ 0 ∈ X 0 , δ m ∈ X m be Minkowski units (local or global) of the ground field and of K n and H ⊂ G \ {1} be a maximal subset such that δ
be a system of relative units for X m /X 0 ; the identity automorphism accounts for the pre-image of 1 in
We need to show that the two ranks are equal.
We show how to construct a system F = {f i ∈ X m , i = 1, 2, . . . , x 2 } such that (Span(F )X p m ) /X p m has p -rank x 2 and F N * m is a minimal system of generators for V m . Then p − rank (V m ) = x 2 follows. Since δ m is Minkowski, it follows also that D has finite index in X m . Let thus T m = X m /D be the torsion and t 1 , t 2 , . . . , t y ∈ T m be a minimal system of generators with y ≤ x 2 and decreasing orders in the torsion group T m , so ord (t 1 ) ≥ ord (t 2 ) ≥ . . . ≥ t y . We shall identify the t i with a set of representatives in X m and let
is then a set of R -generators for X m and this shows that X m has the rank x 2 . By construction, (Span(
has also the rank x 2 as an F p -vector space and thus, by (16),
We finally show that the exponents of V m are diverging. For this we use the following observation of B. Anglès [2] , Lemma 2.1, (2): let m = k + l and
We may thus choose a, b ∈ Λ m with a ∈ Λ × m such that
Finally when X = U , then we have shown that U ′ n form a norm coherent system, so the definition of N * m implies that U m = (U ′ m ) N * m are also norm coherent, and the norm is surjective on these sequence.
The following definition is related to the property of W m ⊂ V m : Definition 3. Let X be a finite abelian p -group of exponent p n . We say that X has sub-exponent p m ≤ p n if there is a subgroup Y ⊂ X with p − rank (Y ) = p − rank (X) = r and Y ∼ = (C p m ) r .
In these terms, we have shown that V n has exponent dividing p n and sub-exponent
The intersection of the unit field Ω E 1 generated by the units from K with the Hilbert class field H ∞ is strongly related to the Leopoldt conjecture: we shall show that it exists exactly when the Leopoldt defect is positive. Note also that Ω E ∩ H ∞ is a larger field, but we shall see in the following sections that (
Lemma 5. Let K be a galois extension with group G which contains the p−th roots of unity and assume that the Leopoldt defect r = D(K) > 0.
is an idempotent which generates the annihilator idealδ
where Span denotes here the Z -span. Then D ′ n ⊂ U p n+1 by construction. However the condition that (D n ·E)/E p has p -rank r may not be fulfilled, so we shall need to perform some change of generators. This will be done by combining D ′ n with radicals from D ′ n+j for j > 0.
follows from the fact that
which holds by construction.
]/K n are a unramified extensions which form an injective sequence. The sub-
We show that the result is sharp, namely Proposition 2.
for some e n ∈ E(K) with
The last condition follows from the fact that L n · K n+1 ⊂ L n+1 by definition. Since L n /K n is unramified, it follows that e n ∈ U (K) p n+1 . Furthermore, the limit e = lim n→∞ e n ∈ E, is defined, as consequence of the coherence condition (19). But then e ∈ n∈N U (K) p n = {1}. It follows thatẽ ∈δ θQp [G] and thus, for sufficiently large n we have L n ⊂ Φ n and in the injective limit, L ⊂ Φ, which completes the proof.
The field Φ encodes much of the conditions which should arise if Leopoldt's conjecture is false, and it only exists for D(K) > 0. We refer therefore to Φ also as the phantom field (of Leopoldt's conjecture).
Let
and since it is an abelian extension of K, reflection yields
where A T * ⊂ A is a module which is isomorphic with Gal(H T * /K ∞ ), with H T * defined in point 7. of Definition 2. Indeed,
by Kummer theory, so A ′ ⊂ A T * up to torsion. As a consequence of the Proposition 2 we find
Proof. We have shown that
, so the first equality follows. Since Φ ⊂ H T * by definition, the second inequality follows from
4.2.
On the intersection M ∩ Ω E . Recall that K is a complex galois extension, so r 1 = 0. In this section we shall use the above estimates and prove:
When K is a CM field, by class field theory ( [5] , Chapter 5, Theorem 5.1) and since E − is finite, being equal to the group of roots of unity, (20)
In both cases, Leopoldt's conjecture is equivalent to M ⊂ Ω E .
We make here similar assumptions about K as in the previous section, so ζ q ∈ K, ζ pq ∈ K and q = p k ′ +1 : in the introduction we required the Leopoldt defect to be stable in K ∞ /K, and one may assume that k was chosen minimal with this property. This need not be the case here, and K may be any intermediate field of a cyclotomic Z p -extension: for this reason we write k ′ instead of k.
The Lemma 4 applied to X m = E m yields a systems of units which generate Ω E ∩ M.
is an abelian extension of K and Gal(F m /K m ) has p -rank r 2 and subexponent e m ≥ p l/2 . The inclusion F m ⊂ F m+1 holds for all m > k and
is an abelian extension of K with galois group of Z p -rank r 2 over K ∞ .
Proof. It was shown in Lemma 4 that
is a group of p -rank r 2 and sub-exponent at least p [l/2] . Thus F m = K m E 1/p m+1 is a p -abelian p -ramified extension of K m with galois group annihilated by T . It is thus abelian over K and contained in M(K). Since N * m |N * m+1 while E m ⊂ E m+1 , it follows that F m ⊂ F m+1 . The injective limit F = ∪ m>k F m is well defined and is a product of r 2 independent Z p -extensions of K ∞ which are abelian over K, so F ⊂ M.
Thus 
It follows that both inequalities r a ≥ D(K) and r e ≥ r 2 must be equalities, which completes the proof.
As a consequence, we find also
Proof. We have by definition ess. p−rank (A/(A T * )) = Z p −rank(A T * ) = r a and we have proved above that r a = D(K).
Remark 1. It is interesting to consider the field
is a subset of p -rank one and
-module of maximal rank, where H is the set of representatives of pairs of conjugate automorphisms of K defined in the §2.2. Then F ′ corresponds to the pair (1, ) and generalizes the anticyclotomic extension to arbitrary fields.
The lemma implies Theorem 3:
In particular, (20) holds for arbitrary galois extensions K/Q, relation (21) for CM extensions, and Theorem 3 is true.
Proof. We have shown that p − rank (Gal(F m /K m )) = r 2 . Conversely, if F ′ m ⊂ M E,m is abelian over K, then it has a Kummer radical which is annihilated by T * , and thus by Lemma 4 the radical must be included in E m , so F ′ m ⊂ F m and F m = M E,m . The claim follows. Remark 2. We use the case when K is a CM extension to illustrate the consequence of the above result. In this case complex conjugation separates plus and minus parts of groups and fields in our context and we have M − ⊂ Ω E . On the other hand, if the Leopoldt defect is non trivial, it follows that M + [ζ]/K ∞ is an extension with group of rank K and by the previous, it is an extension of Ω E . Thus, it is built by roots of power of ideals annihilated by T * , from the minus part of A: there is a free Z p -module A * ⊂ A, with
In general, the same will hold with the exception that there is no a priori distinction of a component of Z p [G] for A * , like the minus component in the CM case.
The field Ω T * . Definitions being like above, we shall investigate in this section the extensions Ω
by definition, it follows that A ′ is pseudoisomorphic to a subgroup of D. However, by Proposition 1, this group is finite and thus
Kummer pairing shows that its galois group over K ∞ is annihilated by T * , so Ω E 1 ⊂ Ω T * . We see in particular that G is a non trivial group. Let E 1 = Span({e 1 , e 2 , . . . , e r 2 −1 }) Z ⊂ E(K) be a system of units such that
It follows that the two ranks are equal and
We have shown in Proposition 2 that the intersection Ω E 1 ∩ H ∞ = Φ has group of rank D(K). Therefore, equality holds above, iff Leopoldt's conjecture is true.
Furthermore, if ℘, π, P, Π are like in the introduction, we define
, where σ i ∈ C ⊂ G, a set of coset representatives for G/D ℘ . One verifies like above that Z p − rank(Gal(Ω r /H ∞ )) = s, since the extensions K ∞ [π σ i /p ∞ ] are p -ramified and independent, as follows by considering the completion at σ i ℘. Consequently Ω r ⊂ Ω r T * , the ramified part of Ω T * . Note also that Ω E ′ = Ω E · Ω r ; we write Ω r 0 = Ω r ∩ Ω E . One verifies that
Finally, let Ω T * ,n,r ⊂= Ω Gal(Ωn/Hn) T * n be the maximal p -ramified extension of H n with group G ′ n = Gal(Ω T * ,n,r /H n ) annihilated by T * and which is p -abelian over K n . Then Lemma 4 implies that p − rank (G ′ n ) ≥ r 2 + s − 1 and the sub-exponent is at least p (n−k)/2 . As a p -abelian extension of K n , it may be that Ω T * ,n,r ∩ H n K n and a fortiori Ω T * ,n Ω T * ,n,r .
Let us consider the Kummer radicals of Ω ′ T * ,n , the maximal Kummer abelian subextension of Ω T * over K n which intersects K ∞ in K n . For reasons which will become apparent below, we allow at this point K to be an extension which contains ζ but needs not be galois over Q. We may also assume that the galois closure of K over Q is contained in K n for some sufficiently large n. The arguments on Kummer radicals only use the action on Γ, hence they are not influenced by this larger generality.
The Fact 1 implies that these radicals are products of p -units and powers of ideals. In view of (23) and the fact that Ω E ′ = Ω E · Ω r , it will suffice to consider Z p -extensions L ⊂ Ω E ∩ Ω T * . For such an extension, we let
By Kummer pairing, since Gal(L n /K n ) T * = {1}, it follows that e T n ∈ E p n+1 n ; let thus e T n = x p n+1 n , x n ∈ K n . The algebraic number w n is a product of ideals which are annihilated by T ; since D is finite, for n sufficiently large it follows that we may assume w n ∈ E ′ n . Furthermore, we know that
is totally ramified at p. Since e ′ is either a p -unit of a unit, we may assume that L ⊂ Ω r , so the second is the case. Finally, w must be a unit, since e n , e ′ are units. Then
, where we used Hilbert 90 and the fact that µ p k+1 ⊂ K but µ p k+2 ⊂ K. It follows that (e n /w p n−k n ) T = 1 and thus
Since k depends only on K and not on n, it follows in the injective limit that Ω E ∩ Ω T * ⊂ Ω E 1 · Ω r . In fact the extension Ω E /Ω E 1 is generated by units e n = π p n−f n /π 0 , where ℘ ∈ P is a prime which ramifies in ℘ n ⊂ K n with b = ([℘ n ]) n∈N ∈ B of finite order p f and (π n ) = ℘ ord (℘n) n , n ≥ 0. This is Ω r 0 .
We have thus the following two results:
Lemma 7. Let K be a field containing the p−th roots of unity and such that its galois closure over Q is contained in K n for sufficiently large n.
Let Ω E,n be defined as usual and L n ⊂ Ω E,n \ Ω r,n be a cyclic subextension with group annihilated by T * and [L n :
, then e n ∈ E(K n ) with
Proof. The proof was given above, for the case m = n + 1.
We now return to our general setting in which K is a galois extension of Q.
Proposition 3. Notations being like above, we have
Furthermore, for all sufficiently large n and all
, and the Z p -ranks for the two extensions are r 2 − 1 and s, respectively. This and recently proved facts imply (26). The fact that the subextensions of Ω T * which are not generated by p -units are generated at (sufficiently large) finite levels by units from E 1 is noted explicitly for future reference. We shall see that this is a particular feature of the Leopoldt conjecture, which enables its proof. 
Proof of the main theorem
Reciprocity gives us information about the ramified part of Ω T * /K ∞ , namely: Gal(Ω T * ,n /H n ) ∼ = U n /E n . We may use Lemma 4 for computing the Z p -rank of the quotients on the right hand side. As it turns out, it is precisely the information at finite levels which is relevant.
We still need to observe that U − n has a p -torsion part T n ∼ = (C p n+1 ) s , where s is the number of ramified primes above p: this is thus a group of exponent and sub-exponent p n+1 . The torsion is generated by the roots of unity in the various completions at primes above p. Indeed, let ρ = ρ(ζ p n+1 − 1) + 1 ∈ U n , withρ defined in (9). Then ι ℘ (ρ) = ζ p n+1 while ι σ j ℘ (ρ) = 1 for j > 1; since U ℘ [ζ p n+1 ] = U n,℘ we see that Γ fixes U n,℘ and ρ T * = 1. The torsion is thus T n = ρ Zp[C] ∼ = (C p n+1 ) s and annihilated by T * .
Let G n = Gal(Ω n,T * /H n ) = G ωn ; then the class field formula becomes
= r 2 and thus the first direct factor in the right hand side of the above isomorphism has p − rank
From (26) we have in the limit
a first indication for a possible contradiction. We also know that G n has sub-exponent p [n/2] . Comparing with the group of Ω/K ∞ , we see that
It is important to recall here that Ω T * ,n is the maximal abelian extension of K n which is contained in Ω T * and intersects K ∞ in K n . It may in particular have larger exponent than p n+1 . We shall give a proof of the Theorem 1, by showing that there are no abelian extensions of K n which are ramified and contain Φ n ; this will imply D(K) = 0. Before this, we illustrate on the example of K = Q[ζ p ], the fact that for for arbitrary polynomials f (T ) = T , one has in general extensions
. This indicates the particular role of the polynomial f (T ) = T in Leopoldt's conjecture; this is connected to the fact that the unramified extensions Φ n /K n have Kummer radicals from K, for all n > 0.
be the p−th cyclotomic extension. Then s = 1 and r 2 = (p − 1)/2. Thus Z p − rank(Gal(Ω T * /K ∞ )) = r 2 and
as a product of linearly disjoint extensions over K ∞ .
Here
Suppose now that p is such that Vandiver's conjecture holds and the irregularity index is 1. Let then A = A − = Λa and suppose that the minimal polynomial of a is linear, namely f (T * ) = T * + cp, c ∈ Z × p . This is a situation which occurs often. The cyclotomic units C n = E n = O(K n ) and the local units U ′ n are norm coherent and the norm is surjective on both systems of units; let ε k be the orthogonal idempotent with ε p−k A = {1} and χ ∈ Z[G] approximate ε k , the reflected idempotent, to order p M , for some large M . There is for n ≤ M a system of local and global Minkowski units ξ n ∈ U n , η n ∈ R ∩ K n such that
In particular ξ χ n , η χ n generate one dimensional Λ n /p M Λ n -modules. Let n be fixed with 2n < M ; by choice of f , the classes in A n have order p n+1 , so there is a cyclic unramified extension F n /K n of degree p n+1 . By the proof of Lemma 4, class field theory requires that there also be a p -ramified extension L n /H n of degree p m with p n+1 ≥ p m ≥ p [n/2] and galois group in the ε p−k component of Gal(Ω n /H n ), annihilated by f (T * ). The Lemma concerns in fact only the polynomial f (T ) = T , but the case when f is an arbitrary polynomial is proved similarly. In general, if f (T ) is a polynomial of degree d, there exist for n sufficiently large g n , h n ∈ Λ such that
has p -rank k · (2r 2 ) and is annihilated by f . Defining f like above and Ω f by Definition 2, it follows that p − rank ε p−k Gal(Ω n,f 2 /K n ) = 2 = deg(f 2 ).
In our example, the ramified extension must be a cyclic extension of F n and L ′ n = K n+m L n is a Kummer cyclic extension which is abelian over K n and
Then ν p n+1 is a generator for the ramified extension L ′ n /F ′ n ; by hypothesis we must have ν p n+1 ·f (T * ) = 1. Furthermore, ν generates by restriction Gal(F ′ n /K n+m ) and the hypothesis implies that ν f (T * ) fixes F ′ n , thus ν f (T * ) ∈ ν p n+1 . Assembling the two conditions, we deduce that ν f (T * ) 2 = 1. It follows that L n ⊂ ε p−k Ω n,f 2 , a p -abelian, p -ramified extension of p -rank 2, where idempotents act on fields by acting on galois groups fixing these fields:
We now consider Kummer radicals. Reflection implies for e that
Furthermore, since L ′ n /K n is abelian, we have the condition e
Additionally, F n is Kummer over K n , so there are e 0 ∈ E n and u ∈ E n+m with e = e 0 · u p n+1 , e 0 ∈ U
The three conditions must have a solution in this context, since this is required by class field theory. Let e = η λ n+m , with λ ∈ Λ. Then (30) yields
The last condition stems from η n+m = ξ
n+m , which is (27), and implies that L ′ /F ′ n is ramified. A solution arises by using (13) and the general fact that for coprime polynomials f, g ∈ Z p [T ] the ideal (f, g) is of finite index in Λ and there is a linear combination uf +vg = p s , with
Let g n f + x n ω n = p n+1 . The first condition implies that a(T ) is a multiple of g n , say a(T ) = g n (T )a ′ (T ). The second and the last conditions become then
while the third becomes, via (13),
Finally the resulting system can be solved as follows: first find a couple a ′ 1 (T ), b 1 (T ) ∈ Λ \ pΛ with minimal valuations and such that the condition (32) is fulfilled. Set a ′ (T ) = a 2 (T ) · a 1 (T ) and b(T ) = b 1 (T ) · p s · a 2 (T ) and solve (31) with respect to a 2 (T ) and s. A possible solution arises by setting
, which is the right hand side in the first condition of (31). We may assume that λ ′ ∈ pΛ, since both terms are not p -multiples and if the sum is, one may always add a multiple of p m to b 1 (T ), achieving the required result. Thus we solve
Then neither e 0 nor u are p -powers and the resulting e verifies all the required conditions, including the fact that L ′ /F ′ n is ramified. After having shown the existence of the extension towers K n ⊂ F n ⊂ L n , it is certainly interesting to consider the picture at infinity. We have shown that the galois groups Gal(Ω n /H n ) are norm coherent. The extensions F n form an injective system, so let F = n F n . Since ε p−k Ω f 2 has group of Z p -rank 2, there is a Z p -extension K ∞ ⊂ F ⊂ ε p−k Ω f 2 which is linearly disjoint from F and with galois group annihilated by f 2 but not by f . Since Gal(L n /F n ) form a projective system, it follows that F · L n are injective and
Although L n /K n are cyclic for all n, K ∞ · L n is not injective. This can also be verified from the explicite construction above. For f (T ) = T one thus observes that in the case when H f = K ∞ there is a p -abelian and totally p -ramified extension L/H f with group annihilated by f . In this case
The same arguments require that there is an
The rank loss propagate and it can be shown that there must be a
Since Ω contains a free Λ -submodule, the rank loss is absorbed at infinity. 
The unamified (marked: -) and ramified (marked =) extensions at finite levels.
We now consider the case f (T ) = T which is the Leopold conjecture. The field K is again like in the introduction. We thus prove the Theorem 1.
Proof. We have seen in Proposition 3 that Ω T * ,n has Kummer radicals from E(K). On the other hand Lemma 4 implies that the maximal p -abelian extension Ω T * ,r,n /K n , which is totally ramified at p above H n , has group G ′ n = Gal(Ω T * ,r,n /K n ) with p − rank (G ′ n ) ≥ r 2 + s − 1 and sub-exponent at least p (n−k)/2 . If Ω T * ,r,n ⊂ Ω T * ,n , we already have a contradiction, since there are D(K) independent unramified extensions of K n in Ω T * ,n , namely Φ n ⊂ Ω T * ,n . The previous example shows however that the fields in Ω T * ,n,r may be extensions of Ω T * ,n with group over K n which is annihilated by (T * ) 2 rather than T * . Since Ω r is completely ramified, it suffices to consider Ω E 1 . Let n be sufficiently large and M > 4(n + 1), let α M , θ M ∈ Z[G] be approximants to the p M −th order of α, θ ∈ Z p [G] as in the lemma 5 and suppose that M is such that
and we have Φ n ⊂ Ω E,n . Using the approximants above, we can state more precisely that
cyclic extensions of sub-exponent p (n−k)/2 and with group annihilated by T * : this follows from Lemma 4. Let D M ⊂ E(K) be defined like in Lemma 5 and
] a field which is defined by taking the real roots of the units in
] is the galois closure of Φ ′ . We restrict ourselves for simplicity to one maximal cyclic extension m+n , so we also have u ∈ E θ M m+n . We may now apply Lemma 7 to the extensionL/F, which is p -abelian, p -ramified, with group annihilated by T * : here we need the fact that the base field F ′ in Lemma 7 needs not be galois. SinceL =F[(ρu) 1/p m ] is p -cyclic and p -ramified overF, Lemma 7 and relation (25) applied to F ′ imply that u = e ′ /ρ · w m−k , with e ′ /ρ ∈ E(F ′ ) and w ∈ E(F). Furthermore,
We have seen that e ∈ E(K n+m ), e ′ ∈ E(F ′ ) and w T ∈F = K n+m [d 1/p n+1 ], so we must have w T ∈ E(K n+m ), w ∈F. The image w ∈ E(F)/E(K n+m ) is therefore fixed by Γ, so w ∈ E(F ′ )/E(K n+m ) and thus w ∈ E(K n+m )·E(F ′ ), say w = w ′ ·e 0 , with e 0 ∈ E(F ′ ), w ′ ∈ E(K n+m ). Let e 1 = (e ′ )·e p m−k 0 ∈ E(F ′ ), so e = e p n+1 1 · (w ′ ) p n+1+m−k ; now e, w ′ ∈ E(K n+m ) and it follows that e p n+1 1 ∈ E(K n+m ) ∩ E(F ′ ) = E(K). Therefore e 1 = ρ c · e 2 , c ∈ Z, e 2 ∈ E(K) and it follows that there is a unit d 1 ∈ E(K) θ M given by d 1 = e 
It follows that
But thenL is both uramified up to an extension of fixed degree p ksince d 1 ∈ U (K) p 4n by definition -and not abelian over K n . For n sufficiently large, there is thus no p -ramified extension L n /F n of degree p m with group annihilated by T * . Since this holds for all extensions above Φ n , D(K) independent cyclic unramified extensions in Φ n have no cyclic continuations over K n that are p -ramified over Φ n . Therefore r ′ = p − rank (Gal(Ω n,T * ,r /H n )) = r 2 −1−D(K), while by Lemma 4, this rank should be r ′ ≥ r 2 . The Leopoldt defect must then vanish, so Leopoldt's conjecture holds.
5.1. A special case. We shall illustrate the main ideas of the proof for the case when K = Q [ζ] . In this example, we may assume that Vandiver's conjecture holds for p, so the units E(K n ) are cyclotomic and N m,n (E m ) = E n . Let ε k = 1 p−1 σ∈G ω k (σ)σ −1 be the orthogonal idempotents of Z p [G] and assume that Leopoldt's conjecture is false. Then there is an even number p − k such that ε p−k E = {1}; the construction of Φ shows that ε k A/(A T * ) is infinite. Let χ ∈ Z[G] approximate ε p−k to the p M −th power for a large M , so η χ ∈ U (K) p M , with η a real cyclotomic unit generating E(K) as a Z p [G] -module. Let M/4 > n > 0 and Φ n = K n [η χ/p n+1 ], an unramified extension. The Lemma 4 implies that there is a totally ramified extension L n /Φ n of degree p n/2 ≤ p m = [L n : Φ n ] ≤ p n+1 and such that L n /K n is abelian. But one proves that for n → ∞ the maximal p -cyclic p -ramified subextension in the ε p−k component of L n /K n is necessarily unramified. This contradicts the Lemma 4 and shows that the Leopoldt defect must vanish.
Consequences
The results in the previous section give a complete picture of the T and T * parts of the class groups and p -abelian extensions in the cyclotomic Z p -extension of arbitrary galois fields.
The following conjecture is a natural generalization of the Greenberg conjecture to arbitrary fields: Conjecture 1. Let K be a number field, K ∞ its cyclotomic Z p -extension and H = H Note that Gal(H/K ∞ ) is a Λ -torsion module by definition, so we do not need additional assumption about the vanishing of µ(K). For the case when K is totally real, we may adjoin roots of unity to K and find that H ∩ Ω E = K ∞ , since Gal(Ω E /K ∞ ) 1+ = {1}. analysis made above. Let K be like in the introduction; then Z − rank(E ′ ) = Z − rank(E) + s = r 2 − 1 + s. We have shown that Z p − rank(E) = r 2 . Suppose that Π is dependent over E, so for δ ∈ E(K) and π ∈ Π there are α, β ∈ Z p [G] such that δ α · π β = 1 as elements of U (K). Like previously, we may take the approximants of α, β to the p M −th order and build a phantom field Φ ⊃ H ∞ which is totally unramified and with galois group annihilated by T * . The Z p -rank of this field would be D ′ (K), the Gross -defect. But we have seen that such fields cannot exist, the proof is the same as the one for the Leopoldt conjecture: the p -ramified extensions L n ⊃ Φ n which are required by class field theory must be generated, up to subextensions of bounded degree for n → ∞, by p -units from E(K) α M · Π β M and this is impossible: such extensions are unramified.
